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Abstract
We discuss heavy-quark dynamics in the quark-gluon plasma under a strong magnetic field induced by colliding
nuclei. By the use of the diagrammatic resummation techniques for Hard Thermal Loop and the external magnetic
field, we show analytic results of heavy-quark diffusion coefficient and drag force which become anisotropic due to
the preferred spatial orientation in the magnetic field. We argue that the anisotropic diffusion coefficient gives rise to
an enhancement/suppression of the heavy-quark elliptic flow depending on the transverse momentum.
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1. Introduction
In the relativistic heavy-ion collisions, the heavy
quarks are dominantly produced in the initial hard scat-
terings among the partons from the colliding nuclei, and
thus will serve as a probe of the dynamics in the QGP
phase and the initial stage. This is because the thermal
excitation is suppressed due to the large value of the
heavy-quark mass compared to the temperature of the
quark-gluon plasma (QGP).
In the RHIC and LHC experiments, the nuclear mod-
ification factor RAA and the anisotropic spectrum v2 of
1Speaker in the conference.
the open heavy flavors have been measured. Both of
them are thought to be sensitive to the heavy-quark ther-
malization, and are closely related to each other in the
diffusion dynamics [1]. However, a consistent theoret-
ical modelling, which simultaneously reproduces RAA
and v2, is sill under investigation.
In this contribution, we discuss effects of an ex-
tremely strong magnetic field on the heavy-quark dif-
fusion dynamics in QGP. The strong magnetic field is
induced by the highly accelerated incident nuclei, and
its magnitude of the magnetic field is estimated to be
of the order of pion mass square or even larger (see
Ref. [2] and references therein). This magnetic field
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Figure 1: Brownian motion of heavy quarks created by the initial hard processes.
is so strong that the motion of thermal light quarks in
QGP are strongly modified. Based on the Langevin
equation for the Brownian motion of the heavy quarks
(see Fig. 1), we investigate how this modification of the
thermal excitation in QGP is reflected in the spectra of
open heavy flavors [3]. The heavy-quark diffusion co-
efficient is computed by mean of the resummation tech-
niques for Hard Thermal Loop and the strong external
magnetic field. We will find that the heavy-quark diffu-
sion coefficient becomes anisotropic, and argue that the
anisotropic heavy-quark flow can be generated even be-
fore the full development of the background fluid flow
in the initial stage of the heavy-ion collisions.
2. Modelling by Langevin equations
When the heavy quark is subject to the random kicks
by the thermal particles, the heavy quark dynamics is
modelled as a Brownian motion [1], which is described
by the Langevin equations2:
dpz
dt
= −η‖pz + ξz , dp⊥dt = −η⊥ p⊥ + ξ⊥ . (1)
Since the external magnetic field provides a preferred
spatial direction, we have a set of two equations for the
heavy-quark motion, parallel and perpendicular to the
magnetic field that is oriented in the z-direction.
The random forces are assumed to be white noises,
〈ξz(t)ξz(t′)〉 = κ‖δ(t − t′) , (2a)
〈ξi⊥(t)ξ j⊥(t′)〉 = κ⊥δi jδ(t − t′) (i, j = x, y) , (2b)
and these coefficients, κ‖ and κ⊥, are related to the
drag coefficients, η‖ and η⊥, through the fluctuation-
dissipation theorem as
η‖ = 2MQTκ‖ , η⊥ = 2MQTκ⊥ . (3)
2 In another contribution talk in the conference [4, 5], the authors
discussed the Lorentz force exerting on the heavy quark with the in-
clusion of the Lorentz force in the Langevin equation (1).
At the leading order in gs, the anisotropic momentum
diffusion coefficients, κ‖ and κ⊥, are defined by
κ‖ =
∫
d3q
dΓ(q)
d3q
q2z , (4a)
κ⊥ =
1
2
∫
d3q
dΓ(q)
d3q
q2⊥ . (4b)
where q is the amount of the momentum transfer from
the thermal particles to the heavy quark, and the static
limit (q0 → 0) is assumed in the above definitions. In
the next section, we show perturbative computation of
these transport coefficients in the hot medium and the
strong magnetic field.
3. Diffusion coefficients in strong magnetic fields
We compute the diffusion coefficients defined in
Eqs. (4a) and (4b). At the leading order, contributions to
the momentum transfer rate dΓ(q)d3q come from Coulomb
scatterings. In the diagrams shown in Fig. 2, effects of
the magnetic field appear in two places (highlighted by
red): (i) the Debye screening mass and (ii) the disper-
sion relation of the thermal-quark scatterers. On the
other hand, the gluons are not directly coupled to the
magnetic field, so that the modification of their disper-
sion relation is negligible at the leading order.
In a strong magnetic field, the fermion wave func-
tion is strongly squeezed along the magnetic field, cor-
responding to the small cyclotron radius. Indeed, from
the Landau level quantization and the Zeeman effect,
the fermions in the lowest Landau level (LLL) have the
(1+1) dimensional dispersion relation, i.e., 2 = m2 + p2z
for massive fermions and  = ±pz for massless fermions
with right and left handed chiralities. To be specific, we
focus on the strong-field regime such that the transition
from the LLL to the hLL states are suppressed accord-
ing to a hierarchy T 2  eB.
(i) First, we compute the Debye screening mass. In
the LLL, the gluon self-energy is completely factorized
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into the transverse and longitudinal parts as [3]
Πµν(q) = q f
eB
2pi
e
− |q⊥|22|q f eB|Πµν1+1(q‖) , (5)
where the factor of q f eB2pi comes from the degeneracy
factor in the transverse phase space, and the Gaussian
is the wave function of the LLL state. We will find
that this quark-loop contribution is much larger than the
thermal gluon-loop contribution. Therefore, the Debye
screening mass is obtained form the the (1+1) dimen-
sional quark loop which is well-known in the Schwinger
model as
Π
µν
1+1(q‖) = tr[t
ata]
g2s
pi
f (q0, qz)(q2‖g
µν
‖ − qµ‖qν‖) . (6)
Here, the longitudinal momentum is defined by qµ‖ =
(q0, 0, 0, qz). Note that there is only one gauge-invariant
tensor structure in the (1+1) dimension, so that the tem-
perature correction is, if any, contained in a scalar func-
tion f (q0, qz). However, an important observation is
that there is no temperature or density correction in the
massless case (see Ref. [3] and references therein), and
hence f (q0, qz) = 1. In massive case, a temperature
correction is proportional to the quark mass, and is sup-
pressed by mq/T (see Ref. [3] for explicit expressions in
the massive case). Therefore, in both cases, the Debye
mass in strong magnetic fields (eB T 2) is given by the
vacuum part of the gluon self-energy [6, 7]. Namely, we
find m2D ∼ q f eB2pi · g
2
s
2pi which is much larger than the usual
thermal mass squared ∼ (gsT )2.
(ii) The change in the dispersion relation of fermion
scatterers is important for the kinematics of the
Coulomb scattering process (see Fig. 2). We shall con-
sider the massless fermions in the lowest Landau level
[3, 8]. For the massless quarks to be on-shell both in
the initial and final states, the energy transfer has to be
q0 = ±(k′z − kz), and thus q0 = ±qz. Note that the chiral-
ity does not change at any perturbative vertex, so that the
signs appear only as the overall ones. When taking the
static limit q0 → 0 in the definition of the diffusion co-
efficients, one finds qz → 0, and can immediately con-
clude that the longitudinal-momentum transfer is kine-
matically prohibited in the massless case. On the other
hand, this constraint does not apply to the transverse
momentum transfer, so that the transverse momentum
transfer is allowed.
The finite contribution to the transverse diffusion co-
efficient can be obtained either by the direct computa-
tion of the matrix elements in Fig. 2 or by using the cut-
ting rule. At the leading order in αs, the thermal-quark
contribution to the momentum diffusion coefficients in
Thermal quarks Thermal gluons HQ HQ 
Figure 2: Coulomb scattering amplitudes contributing to the heavy-
quark momentum diffusion. A magnetic field acts on the quark loop
in the polarization and the thermal-quark scatterers.
the massless limit is obtained as [3]
κLO‖ = 0 , κ
LO
⊥ ∼ α2sT
(eB
2pi
)
lnα−1s . (7)
As discussed above, the quark contribution to the lon-
gitudinal diffusion coefficient is vanishing. Clearly, the
strong magnetic field gives rise to an anisotropy of the
momentum diffusion coefficient.
Nonvanishing contributions to the longitudinal mo-
mentum transfer come from the finite quark-mass cor-
rection or the contribution of the gluon scatterers. The
mass correction was obtained as
κLO,massive‖ ∼ αsm2q
√
αseB , (8)
while the gluon contribution is obtained by substituting
the Debye mass m2D ∼ αseB for the conventional one∼ (gsT )2 in Refs. [1] as
κ
LO, gluon
‖ ∼ α2sT 3 lnα−1s . (9)
We have assumed a hierarchy αseB  T 2  eB. Com-
plete expressions including the prefactors are found in
Ref. [3]. It is instructive to compare the mass correction
(8) with the gluon contribution (9). The ratio is written
as
κLO,massive‖
κ
LO, gluon
‖
∼ αs(αseB)
1/2m2q
α2sT 3
=
( m2q
αseB
)(
αseB
T 2
)1/2(eB
T 2
)
. (10)
While the first two factors are small in our working
regime, the last factor can be large. Therefore, the
massive-quark contribution κLO,massive‖ could be in prin-
ciple as comparably large as κLO, gluon‖ , and this happens
when eB ∼ αs(T 6/m4q). However, to be consistent with
our assumed regime, αs eB  T 2, we have a constraint
of αs  m2q/T 2, which is not quite likely true in the
heavy ion collisions. Hence, the longitudinal momen-
tum diffusion coefficient is dominated by the gluon con-
tribution κLO, gluon‖ .
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Figure 3: Schematic pictures of the anisotropic drag force in B.
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Figure 4: Anisotropic heavy-quark spectrum in the final state.
Now that we obtained the leading contributions in
Eqs. (7) and (9), the anisotropy in the momentum dif-
fusion coefficient and the drag force is estimated to be
κ
LO, gluon
‖
κLO⊥
=
η
LO, gluon
‖
ηLO⊥
∼ T
2
eB
 1 . (11)
The quark contribution κLO⊥ is enhanced by the density
of states by the factor of eB. On the other hand, a mag-
netic field does not change the phase space volume of
the thermal gluons in the gluon contribution κLO, gluon‖ ,
but changes only the Debye screening mass. Summariz-
ing, we have found that the large anisotropy of the diffu-
sion coefficient is induced by the prohibition of the lon-
gitudinal momentum transfer and the enhancement of
the phase space both arising in the thermal-quark con-
tribution.
4. Summary and discussion
In summary, we found a large anisotropy of the dif-
fusion coefficients induced by a strong magnetic field
eB  T 2. The key observation was the kinemati-
cal constraint for the momentum transfer in the LLL,
which prohibits the longitudinal momentum transfer in
the massless limit [3, 8].
Based on these findings, a toy model for the time
evolution of the heavy quark in QGP was discussed in
Ref. [3] by using the Fokker-Planck equation [1]. Since
the friction exerting on the heavy quarks is stronger
in the direction transverse to the magnetic field (see
Fig. 3), the heavy-quark momentum in the final state
will acquire an anisotropy as illustrated in Fig. 4. In
the small momentum region, the heavy quarks will be
dragged by the flow more strongly in the transverse di-
rection, while they will feel a larger resistance in the
transverse direction as the momentum increases. There-
fore, there is a turnover in the anisotropy of the heavy
quark spectrum (see the right panel in Fig. 3). We leave
implementation of the anisotropic diffusion and drag co-
efficients in numerical simulations as a future work.
Lastly, the techniques and ingredients developed in
this study can be applied to the computation of other
transport coefficients. After Ref. [3], a few works have
been done for the jet quenching parameter [9] and the
electrical conductivity [10, 11] in the strong magnetic
fields.
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